In this work, extending a previous study at zero temperature (T = 0), we perform a systematic study of the modifications to the QCD vacuum energy density ǫ vac in the finite-temperature case, above the chiral transition at T c , caused by a nonzero value of the parameter θ, using two different effective Lagrangian models which implement the U(1) axial anomaly of the fundamental theory and which are both well defined also above T c . In particular, we derive (and critically compare) the expressions for the topological susceptibility χ and for the second cumulant c 4 starting from the θ dependence of ǫ vac (θ) in the two models. *
Introduction
It is well known (mainly by lattice simulations [1] ) that, at temperatures above a certain critical temperature T c ≈ 150 MeV, thermal fluctuations break up the chiral condensate, causing the complete restoration of the SU(L) L ⊗ SU(L) R chiral symmetry of QCD with L light quarks (L = 2 and L = 3 being the physically relevant cases): this leads to a phase transition called chiral transition. For what concerns, instead, the U(1) axial symmetry, the nonzero contribution to the anomaly provided by the instanton gas at high temperatures [2] should imply that it is always broken, also for T > T c . (However, the real magnitude of its breaking and its possible effective restoration at some temperature above T c are still important debated questions in hadronic physics.)
In this work, extending a previous study at zero temperature (T = 0) [3] , we perform a systematic study of the modifications to the QCD vacuum energy density ǫ vac in the finite-temperature case, above the chiral transition at T c , caused by a nonzero value of the parameter θ, using two different effective Lagrangian models which implement the U(1) axial anomaly of the fundamental theory and which are both well defined also above T c . In particular, we derive (and critically compare) the expressions for the topological susceptibility χ and for the second cumulant c 4 starting from the θ dependence of ǫ vac (θ) in the two models. Indeed, these two quantities are known to be, respectively, the second and the fourth derivative with respect to θ of the vacuum energy density, evaluated at θ = 0: ǫ vac (θ) = const. + The first effective Lagrangian model that we shall consider was originally proposed in Refs. [4] to study the chiral dynamics at T = 0, and later used as an effective model to study the chiral-symmetry restoration at nonzero temperature [5, 6, 7] . According to 't Hooft (see Refs. [8, 9] and references therein), it reproduces, in terms of an effective theory, the U(1) axial breaking caused by instantons in the fundamental theory. For brevity, following the notation already introduced in Ref. [3] , we shall refer to it as the extended linear sigma (EL σ ) model. This model is described by the following Lagrangian:
where
(1.2)
In this model, the mesonic effective fields are represented by a L × L complex matrix U ij which can be written in terms of the quark fields as U ij ∼ q jR q iL , up to a multiplicative constant; moreover, M is a complex quark-mass matrix, given by
where M = diag(m 1 , . . . , m L ) is the physical (real and diagonal) quark-mass matrix. (In this paper, therefore, we have decided to move all the dependence on θ into the mass term, for later convenience. . . )
For what concerns the potential V (U, U † ) defined in Eq. (1.2), we recall that the parameter ρ π is responsible for the fate of the SU(L) L ⊗ SU(L) R chiral symmetry, which, as is well known, depends on the temperature T . Se shall include the effects of the temperature in the model allowing the various parameters in Eq. (1.2) to vary with the temperature: in particular, the parameter ρ π will be positive, and, correspondingly, the "vacuum expectation value" (v.e.v.), i.e., the thermal average, of U will be different from zero in the chiral limit M = 0, until the temperature reaches the chiral phase-transition temperature T c [ρ π (T < T c ) > 0], above which it will be negative [ρ π (T > T c ) < 0], and, correspondingly, the v.e.v. of U will vanish in the chiral limit M = 0. †
The second effective Lagrangian model that we shall consider is a generalization of the model proposed by Witten, Di Vecchia, Veneziano, et al. [10, 11, 12] (that, following the notation introduced in Ref. [3] , will be denoted, for brevity, as the WDV model ), and (in a sense which will be made clear below) it approximately "interpolates" between the W DV model at T = 0 and the EL σ model for T > T c : for this reason (always following Ref. [3] ) we shall call it the interpolating model (IM). In this model (which was originally proposed in Refs. [13] and elaborated on in Refs. [14, 15, 16] ), the U(1) axial anomaly is implemented, as in the W DV model, by properly introducing the topological charge density
as an auxiliary field, so that it satisfies the correct transformation property under the chiral group. Moreover, it also assumes that there is another U(1)-axial-breaking condensate (in addition to the usual quark-antiquark chiral condensate), having the form C U (1) = O U (1) , where, for a theory with L light quark flavors, O U (1) is a 2L-quark local operator that has the chiral transformation properties † We notice here that we have identified the temperature T ρπ at which the parameter ρ π is equal to zero with the chiral phase-transition temperature T c : this is always correct except in the case L = 2, where we have T ρπ < T c (see subsections 2.2 and 3.2 for a more detailed discussion). In any case, in this paper we shall consider exclusively the region of temperatures T > T c .
of [17, 18, 19] 
The effective Lagrangian of the interpolating model is written in terms of the topological charge density Q, the mesonic field U ij ∼q jR q iL (up to a multiplicative constant), and the new field variable X ∼ det (q sR q tL ) (up to a multiplicative constant), associated with the U(1) axial condensate: the same role the parameter ρ π plays for the SU(L) L ⊗ SU(L) R chiral symmetry: ρ X determines the v.e.v. of the field X and it is thus responsible for the way in which the U(1) axial symmetry is realised. In order to reproduce the scenario we are interested in, that is, the scenario in which the U(1) axial symmetry is not restored for T > T c , while the SU(L) ⊗ SU(L) chiral symmetry is restored as soon as the temperature reaches T c , we must assume that, differently from ρ π , the parameter ρ X remains positive across T c , i.e.:
For what concerns the parameter ω 1 (T ), in order to avoid a singular behavior of the anomalous term in the potential (1.8) above the chiral-transition temperature T c , where the v.e.v. of the mesonic field U vanishes (in the chiral limit M = 0), we must assume that [13, 16] :
(This way, indeed, the term including log U in the potential vanishes, eliminating the problem of the divergence, at least as far as the v.e.v. of the field X is different from zero or, in other words, as far as the U(1) axial symmetry remains broken also above T c .)
As it was already observed in Refs. [15, 3] , the Lagrangian of the W DV model is obtained from that of the interpolating model by first fixing ω 1 = 1 and then taking the formal limits λ X → +∞ and also ρ X → 0 (so that X → 0):
For this reason, ω 1 = 1 seems to be the most natural choice for T = 0 (and, indeed, it was found in Ref. [3] that the expressions for χ and c 4 , obtained using the interpolating model with ω 1 = 1, coincide with those of the W DV model, regardless of the values of the other parameters κ 1 and ρ X . . . ).
On the other side, as we have seen above, the parameter ω 1 must be necessarily taken to be equal to zero above the critical temperature T c , where the W DV is no more valid (because of the singular behavior of the anomalous term in the potential), and, viceversa, as it was already observed in Ref. [16] , the interaction term
] of the interpolating model becomes very similar to the "instantonic" interaction term κ[det U + det U † ] of the EL σ model. More precisely, we here observe that, by first fixing ω 1 = 0 and then taking the formal limits λ X → +∞ and A → ∞ (so that, writing X = αe iβ , one has α → √ ρ X and β → 0, i.e., X → √ ρ X ), the Lagrangian of the interpolating model reduces to the Lagrangian of the EL σ model with κ =
(i.e., with κ proportional to the U(1) axial condensate):
The paper is organized as follows: in sections 2 and 3 we shall present the results for the extended linear sigma model and the interpolating model, respectively. These results will be obtained at the first nontrivial order in an expansion in the quark masses (since this will greatly simplify the search for the minimum of the potential). On the other side, no assumption will be done on the parameter θ, which will be treated as an absolutely free parameter. Moreover, for each of the two models considered, we shall present separately the results for the cases L ≥ 3 and L = 2, due to the fact that (for some technical reasons which will be explained in the following: see also Ref. [16] ) the case L = 2 requires a more specific analysis. Finally, in the last section we shall draw our conclusions, summarizing (and critically commenting) the results obtained in this work and discussing also some possible future developments.
2 Results for the extended linear sigma model
Following the notation of Ref. [16] , we shall write the parameter ρ π , for T > T c , as follows:
and, moreover, we shall use for the matrix field U the following simple linear parametrization:
where a ij and b ij are real field variables whose v.e.v.'sā ij andb ij vanish in the chiral limit (U = 0 for M = 0, when T > T c ). We shall also write the complex mass matrix (1.3) in a similar way, i.e., separating its real and imaginary parts:
With this choice of the parametrizations for the parameter ρ π , the fields U, and the mass matrix M, the potential (1.2) becomes:
(2.14)
In order to find the value U for which the potential V is minimum (that is, in our meanfield approach, the v.e.v. of U), we have to solve the following system of stationary-point equations:
where the neglected terms are of quadratic or higher order in the fields. We can easily solve this system, at the leading order in the quark masses, obtaining:
A simple analysis of the second derivatives of the potential V with respect to the fields, calculated in this point, confirms that it is indeed a minimum of the potential. So, we find that (at the first nontrivial order in the quark masses) the v.e.v. of the mesonic field U is proportional to the mass matrix. We notice here that, by virtue of the result (2.16), the quantities U U † and MU turn out to be independent of θ. Therefore, all the terms of the potential (1.2) carry no dependence on θ except for the "instantonic" one. That is, explicitly:
where the omitted terms are either constant with respect to θ or of higher order in the quark masses. Finally, from (2.17) we can straightforwardly derive the topological susceptibility and the second cumulant, which turn out to be:
The special case L = 2
As already said in the introduction, the case L = 2 requires a more specific analysis. In fact, in this case, the determinant of the matrix field U is quadratic in the fields and so it must be considered explicitly in the stationary-point equations at the leading order in the quark masses. In this particular case, it is more convenient to choose for the parametrization of the field U a variant of the linear parametrization (2.12), which is explicitly written in terms of the fields describing the mesonic excitations σ, η, δ and π, i.e.,
where τ a (a = 1, 2, 3) are the Pauli matrices (with the usual normalization Tr[τ a τ b ] = 2δ ab ), while the multiplicative factor
guarantees the correct normalization of the kinetic term in the effective Lagrangian. We expect that all the v.e.v.'s of the fields σ, η, δ and π are (at the leading order) proportional to the quark masses, so that they vanish in the chiral limit M → 0. Using the parametrization (2.19), we find the following expression for the potential (1.2) (having defined Λ
π ):
(2.20)
We now look for the minimum of the potential, solving the following system of stationarypoint equations:
Solving these equations at the first nontrivial order in the quark masses, one immediately finds thatδ 1 =δ 2 =π 1 =π 2 = 0 (i.e., the matrix field U turns out to be diagonal, as expected, being the mass matrix M = Me i θ 2 diagonal), and, moreover:
Studying the matrix of the second derivatives of the potential with respect to the fields, one immediately sees that this stationary point corresponds indeed to a minimum of the potential, provided that the condition λ 2 π B 2 π > 4κ is satisfied. Remembering Eq. (2.11), this condition can be written as G π ≡ 4κ + 2λ 2 π ρ π < 0 and the critical transition temperature T c is just defined by the condition G π (T = T c ) = 0: assuming that κ > 0, this implies that, in this case (differently from the case L ≥ 3), T c > T ρπ , where T ρπ is defined to be the temperature at which ρ π vanishes [with ρ π (T < T ρπ ) > 0 and ρ π (T > T ρπ ) < 0; see also Ref. [16] for a more detailed discussion on this question].
Substituting the solution (2.22) into Eq. (2.20) (and neglecting, for consistency, all the terms which are more than quadratic in the quark masses, or which are simply constant with respect to θ), we find the following θ dependence for the minimum value of the potential:
From Eq. (2.23), we can derive the following expressions of the topological susceptibility and of the second cumulant: Following, as usual, the notation of Ref. [16] , we shall write the parameters ρ π and ρ X for T > T c as follows:
Moreover, we shall continue to write the complex mass matrix in the form (2.13) and, concerning the fields, we shall use for U the usual linear parametrization (2.12), while we shall use for X the following nonlinear parametrization (in the form of a polar decomposition):
With this choice of the parametrizations for the parameters ρ π and ρ X , the fields U and X, and the mass matrix M, the following expression for the potential of the interpolating model at T > T c is found:
The minimum of the potential is found by solving the following system of stationary-point equations:
We notice that the first two equations (3.28) coincide with the equations (2.15), so that the solution forā ij andb ij (i.e., for U) will be, at the leading order in the quark masses, exactly the same that has been found in the EL σ model [see Eq. (2.16)]. Moreover, with that expression for U , we can see that: det U + det U † ∼ det M cos θ and det U − det U † ∼ det M sin θ; and, from the second couple of equations (3.28), we can conclude
More precisely, we find that:
(3.29)
We can now substitute the solutions (2.16) and (3.29) into the expression (3.27), in order to find the θ dependence of the minimum value of the potential. As in the case of the EL σ model, the mass term and the terms dependent only on the quantity U U † turn out to be independent of θ, while, by virtue of the result (3.29), the quantity XX † turns out to be (at the first nontrivial order in the quark masses):
Putting all together, we see that the θ dependence of the minimum value of the potential is given, at the lowest order in the quark masses, by the following expression: 
Comparing these last results with those that we have found in the EL σ model (for the case L ≥ 3), we see that they coincide with each other (at least, at the leading order in the quark masses) provided that the parameter κ in Eqs. (2.17) and (2.18) is identified with κ 1 F X /4 (and is thus proportional to the U(1) axial condensate). § Studying the matrix of the second derivatives, one easily sees that the solution (3.29) forᾱ andβ (which, in the chiral limit, reduces toᾱ = FX √ 2 andβ = 0) indeed corresponds to the minimum of the potential (see also Ref. [16] for more details).
The special case L = 2
Being the quark-mass matrix M = Me i θ 2 diagonal, and remembering what we have found for the nondiagonal elements of the matrix field U in the case of the EL σ model in subsection 2.2, we can reasonably assume U to be diagonal since the beginning (i.e., δ 1 =δ 2 =π 1 =π 2 = 0). In other words, we take U and X in the form:
For what concerns the various terms of the potential in this case, the only term which needs to be put in a new and more explicit form is the interaction term between U and X, which turns out to be:
3 ) cosβ+2(ησ−δ 3π3 ) sinβ . Putting together all these results, we find the following expression for the potential:
As usual, in order to find the minimum of the potential, we have to solve the following system of stationary-point equations: Solving these equations at the first nontrivial order in the quark masses, one finds that:
Studying the matrix of the second derivatives of the potential with respect to the fields, one immediately verifies that this solution corresponds indeed to a minimum of the potential, provided that the condition λ
2 π ρ π < 0, is satisfied. As in the case of the EL σ model for L = 2 (discussed in subsection 2.2), the critical transition temperature T c is just defined by the condition G π (T = T c ) = 0 and, assuming that κ 1 F X > 0, this implies that (differently from the case L ≥ 3) T c > T ρπ (see also Ref. [16] for a more detailed discussion on this question).
Substituting this solution into Eq. (3.33), and neglecting (for consistency) all the terms which are more than quadratic in the quark masses, we find the following θ dependence for the minimum value of the potential:
Also in this case, we notice that this potential, as well as the expressions (3.35) forσ, η,δ 3 , andπ 3 , coincide exactly (at least, at the leading order in the quark masses) with the corresponding expressions (2.22) and (2.23) that we have found in the EL σ model, provided that the constant κ is identified with κ 1 F X /4 (and is thus proportional to the U(1) axial condensate). The same consideration also applies, of course, to the results for the topological susceptibility and for the second cumulant:
(3.37)
4 Conclusions: summary and analysis of the results
In this conclusive section we summarize and critically comment the results that we have found, indicating also some possible future perspectives.
Two basic remarks must be done about our results. First (as already observed at the end of subsections 3.1 and 3.2), the results that we have found (both in the case L ≥ 3 and in the case L = 2) for the vacuum energy density ǫ vac (θ) = V min (θ) (and, as a consequence, for the topological susceptibility χ and the second cumulant c 4 ) in the EL σ model and in the interpolating model are exactly the same, provided that the parameter κ in Eqs. (2.17)-(2.18) and (2.23)-(2.24) is identified with κ 1 F X /4 (and is, therefore, proportional to the U(1) axial condensate). In fact, we have found that:
and, therefore:
where, for L ≥ 3:
and, for L = 2:
This result is, of course, in agreement with what we have already observed in the introduction [see, in particular, Eq. (1.10)]: but we want to emphasize that it is even stronger than the correspondence (1.10), since it is valid regardless of the parameters λ X and A of the interpolating model (which do not appear in the above-written expressions for ǫ vac (θ), χ, and c 4 ). Taking into account also the results that were found in Ref. [3] , we now clearly see that the so-called "interpolating model" indeed approximately "interpolates" between the W DV model at T = 0 (for ω 1 = 1 it reproduces the same expressions for χ and c 4 of the W DV model) and the EL σ model at T > T c (where ω 1 = 0).
We also observe that the result (4.41), for the special case L = 2, can be re-written in the following more interesting and enlightening way:
in terms of the masses of the scalar and pseudoscalar mesonic excitations, which, at the leading order in the quark masses, are given by [16] :
(4.43)
The second important remark that we want to make about our results is that both the θ dependence of ǫ vac (θ) in Eq. (4.38) and the quark-mass dependence of the coefficient K (proportional to det M) are in agreement with the corresponding results found using the so-called dilute instanton-gas approximation (DIGA) [2] . Of course, we cannot make any more quantitative statement about the comparison of our value of K with the corresponding value K inst in DIGA, or about its dependence on the temperature T . In this respect, recent lattice investigations have shown contrasting results. While the results of Refs. [20, 21, 22] have shown a considerable agreement with the DIGA prediction, even in the region right above T c , other studies [23, 24] have found appreciable deviations from the DIGA prediction for temperatures T up to (2 ÷ 3)T c . The situation is thus controversial and claims for further and more accurate studies.
Concerning, instead, the limits of validity of our analytical results (4.38)-(4.41), we recall that they were obtained at the first nontrivial order in an expansion in the quark masses. Therefore, both the coincidence between the results in the two models and the agreement with the θ dependence predicted by DIGA are valid in this approximation and it would be interesting to investigate how strongly these results are modified going beyond the leading order in the quark masses. (It is reasonable to suspect that this approximation makes sense for T − T c ≫ m f , but not for T close to T c , i.e., for T − T c m f . . . )
A complete and detailed study of the θ dependence of ǫ vac (θ) both for the EL σ model and the interpolating model, not limited to the leading order in the quark masses, is beyond the scope of the present paper and is left for future works. A first step in this direction has been, however, already done in the appendix of the present paper, where an "exact" expression for the topological susceptibility χ for T > T c has been derived, both for the interpolating model (considering the effective Lagrangian in the form (1.4)-(1.5) , where the field variable Q(x) has not yet been integrated out) and, making use of the correspondence (1.10), also for EL σ model. The expressions of χ for the two models are reported in Eqs. (A.8) and (A.9) respectively. We see that they are slightly different, but if one expands at the leading order in the quark masses, one easily verifies that they both tend to the same limit (with the identification κ = κ 1 F X /4), given by Eqs. Lagrangian for the interpolating model at finite temperature, the parameter A(T ) can be simply identified with the pure-gauge topological susceptibility. . . ) We hope that future works (both analytical and numerical) will be able to shed light on these questions.
where:
and (assuming that L ≥ 3):
with:
Performing explicitly the computation, one finds that:
In particular, putting k = 0, the following expression for the topological susceptibility is found:
This expression has been obtained for the interpolating model, but, as explained in the introduction [see, in particular, Eq. (1.10)], if we take the formal limits λ X → ∞ and A → ∞ (having already fixed ω 1 = 0, since we are at T > T c ), we also obtain the expression for the topological susceptibility in the EL σ model: 9) where nowᾱ = one easily verifies that they both tend to the same limit, given by Eqs. (2.18) and (3.31):
(A.13) * This approximate expression [but not the "exact" expressions (A.8) and (A.9)] was derived (for the interpolating model) also in Ref. [13] .
Similar results comes out also in the special case L = 2. In particular, the expressions (A.8) and (A.9) (for the topological susceptibility in the interpolating model and in the EL σ model, respectively) are valid also in this case, provided that one uses for the matrices S, S, and Λ the following expressions [referring to the ensemble of pseudoscalar fields (S X , η, π 3 ): see Ref. [16] 
